The aim of this paper is to investigate the possibility of improving the ride quality of a two-axle railway vehicle with a single-stage suspension by means of passive suspensions employing an inerter device. The inerter is a mechanical oneport element that is analogous to a capacitor in electrical circuits. The goal is to improve the ride quality in both the vertical and lateral motions in response to track irregularities. Performance benefits for several simple passive suspension layouts are demonstrated and compared with the conventional scheme. The elastic effects of the damper and inerter device are then taken into consideration for practical purposes. The optimum parameter values of the damper, inerter and the parameters representing the elastic effects provide guidance for mechanical design purposes.
Introduction
This paper considers the application of an advanced passive suspension to two-axle single-stage railway vehicles. Such vehicles no longer need bogies or a secondary suspension and therefore offer simpler mechanical constructions, which translates into a 30-35% reduction in vehicle weight. Despite this advantage, widespread use of this vehicle has been limited because a single-stage suspension leads to an unsatisfactory ride quality. This applies both to the lateral and vertical dynamics. Whole-body vibrations in trains are known to affect the performance of sedentary actions such as reading, writing, sketching, working on laptops, etc. 1 Goodall and Mei 2 and Pacchioni et al. 3 have studied the use of an active suspension to overcome these difficulties whereas the current paper investigates the prospects of introducing inerters, together with the traditional spring and damper, i.e. configuring a mechanical compensator without the need for active elements. This paper extends the work of Zheng et al. 4 on the vertical direction and considers the dynamics in the lateral direction.
An inerter 5 is a mechanical two-terminal element with the property that the applied force at the terminals is proportional to the relative acceleration across the terminals, i.e. F ¼ bð € z 1 À € z 2 Þ, in the notation of Figure 1 , where b is the constant of proportionality in kilograms, called inertance. The inerter, together with the spring and damper, provides a complete analogy between mechanical and electrical elements that allows arbitrary passive mechanical impedances to be synthesised. Applications of the method to vehicle suspensions [6] [7] [8] , control of motorcycle steering instabilities 9,10 , vibration absorption 5 and building suspension control 11, 12 have been identified. The inerter is now being deployed in the suspension systems of motor racing cars. 13, 14 Some of the possible applications of the inerter device in rail suspensions have been explored in the literature. 4, [15] [16] [17] [18] However, non-ideal behaviour of the damper and inerter devices (e.g. compliance effects) have not been considered except for the work of Wang et al. 15 , in which some parasitic effects of the inerter device were taken into account in a model of the vertical vibrations of a bogied railway vehicle. A preliminary study of ride comfort improvement in the vertical direction for a two-axle railway vehicle has been presented in Zheng et al. 4 The aim of this paper is to study how the ride quality, in both lateral and vertical directions, of a single-suspension twoaxle railway vehicle might be improved. Some beneficial layouts incorporating inerters are proposed and the related improvements are discussed. For the parasitic effects of both dampers and inerters, we carry out a series of optimisations in a systematic manner. For beneficial layouts, the effect on the suspension deflection is also considered. Since throughout the investigation, the static stiffness is kept at its nominal values in both the lateral and vertical directions, together with good overall system damping, the suspension deflections when the vehicle negotiates deterministic track features (e.g. a gradient and a curve) are similar to the default values. For brevity, we do not include these results in the present paper. It needs to be pointed out that, although it is recognised that flexible modes of the vehicle are important when additional components are added across the suspension, in the present paper flexible modes of the vehicle's body are excluded so that the fundamental potential of the inerter can be assessed.
This paper is structured as follows. The section 'Candidate suspension layouts' introduces the candidate suspension layouts we investigate. The potential improvement of ride quality in the lateral and vertical directions is investigated in the sections 'Passive suspensions in the lateral direction' and 'Passive suspensions in the vertical direction', respectively.
The section 'Conclusions and general remarks' presents a complete summary of the results and some general remarks.
Candidate suspension layouts
In this paper, we first consider the four simple layouts shown in Figure 2 . In order to reveal the general trend of the relationship between suspension layouts, parameter values and ride quality, the only constraint on layouts S1 to S4 is that the element values be nonnegative. No parasitic effects are considered. These layouts are relatively simple to realise in practice. [19] [20] [21] S1 models a conventional parallel spring-damper layout when k 1 ¼ 1: S2 to S4 each includes one or two inerters with S1. The mechanical admittance Y (s) for these layouts can be calculated respectively, e.g. for S4
In order to make the suspension models closer to real suspension systems, we now include an end-stiffness in the damper and a 'buffer' network for the inerter devices consisting of a spring and damper in parallel (reflecting the fact that a small amount of dissipation will always be present in practical inerters), both of which we refer to as an elastic effect ( Figure 3 ). In Li et al. 22 the natural end-stiffness for the secondary lateral damper of a bogied vehicle was taken to be 5 Â 10 6 N/m. Here we investigate the potential of including an additional compliance; hence, making a conservative assumption that k c and k b are no greater than k max , where k max ¼ 3.5 Â 10 6 N/m. The dissipation effect of an inerter device has been studied in Wang et al. 15 , where a damper in parallel with the end-stiffness was included. The value of the damping Figure 2 . Passive suspension layouts S1 to S4 of theoretical interest. effect was estimated to be 3.2 Â 10 3 Ns/m. Here, we select c b to be no greater than c max ¼ 5 Â 10 3 Ns/m (taking account of the fact that the inertance level is typically higher in this paper compared with that in Wang et al. 15 ). Figure 4 presents layouts S1 to S4 with elastic effects included. It should be noted that the spring k 1 has been excluded for these layouts; this is because if the optimisation results give a very low value of the end-stiffness, an extra spring can then be included.
Passive suspensions in the lateral direction
In this section, we present the potential ride quality improvement in the lateral direction that can be created by using passive suspensions that incorporate an inerter. The plan view model that we used is a slight modification of that of Mei and Goodall. 23 The passive suspension in the longitudinal direction has been included. The result shows that big potential improvements can be obtained by using the unconventional suspension layouts we propose.
Two-axle railway vehicle plan view model and track input
As shown in Figure 5 , the plan view model consists of one vehicle body and two solid axle wheelsets.
Longitudinal and lateral connections between wheelsets and vehicle body have been included. Vertical and roll modes are not modelled, and longitudinal connections are included only for their contribution to the yaw modes. Hence, the model contains six degrees of freedom: lateral and yaw modes for each wheelset (y w1 , w1 , y w2 , w2 ) and for the vehicle body (y v , v ).
The mathematical model is described by the following equations
whereŷ w1 denotes the Laplace transform of y w1 (t), etc., and parameter values are listed in Table 1 . It is a slight modification of the model introduced in Goodall and Mei 2 and Mei and Goodall 23 with some parameter values being modified and with a suspension in the yaw direction added. As our focus is on improving the ride comfort for straight running without affecting the curving performance, we consider using the inerter device only in the lateral direction and keep the suspension in the longitudinal direction fixed.
A state-space form can be readily derived from equations (1) to (6) as given in equation (7) _
where The straight-track lateral stochastic inputs ð y t1 , y t2 Þ used in this paper have a broad frequency spectrum with a relatively high level of irregularities.
Here y t1 ðtÞdenotes the output of a filter H 1 s ð Þ ¼ ð21:69s 2 þ105:6sþ14:42Þ ðs 3 þ30:64s 2 þ24:07sÞ whose input is a process with a single-sided power spectral density
where A l is the track roughness factor and f s is a spatial frequency in cycles/metre. This disturbance model is adopted from previous work reported in the literature 2,4,24,25 and is intended to provide an approximation to the 1=f 3 power spectrum. 25 The lateral acceleration of the body of the carriage is quantified in terms of the root mean square (RMS) acceleration J 1,y , and can be evaluated by the covariance method, time domain simulation method and frequency calculation method. For the frequency calculation, J 1,y is expressed by
T d equals 2l wx =V seconds, which is the time delay (T d ) of the track input between the front and rear wheelsets, and G _ y t1 ! € y v represents the transfer function from the track velocity input _ y t1 to the lateral body acceleration € y v . The nominal speed is taken to be 31 m/s as shown in Table 1 , and the lateral acceleration is considered for the middle point only for simplicity. For the ride quality assessment, frequency weighting to allow for human susceptibility is often used, but here (and also for the vertical acceleration problem in Section 4) the unweighted RMS acceleration has been calculated so as not to obscure any undesirable effects that might emerge via the introduction of unconventional suspension devices.
Performance benefits related to minimising the lateral body acceleration J 1,y We kept the static spring stiffness K ¼ K l , (the default static stiffness in the lateral direction shown in Table 1 ) and optimised over the remaining suspension elements in the lateral direction to minimise J 1,y . The vehicle speed and other parameters were kept at the nominal values as in Table 1 . We first optimised over S1 to S4. The results are summarised in Table 2 . For all the optimisations carried out in the present paper, we used the Matlab command patternsearch first, and then fminsearch for fine-tuning of the parameters. It can be seen that the parallel inerter-damper layout (S2) provides a larger improvement than the series inerter-damper layout (S3). The extra spring in series with c 1 in S1 and S3 worsens the ride comfort index J 1,y , hence the optimum parameter value of k 1 for these two layouts tends to infinity (see Table 2 ). On the other hand, k 1 turns out to be useful in improving J 1,y performance in S2 and S4, where the percentage improvements compared with default layout S1 are 28% and 40.7%, respectively.
We then optimised over the structures shown in Figure 4 . It can be seen from the optimisation results in Table 3 that for S2 0 and S4 0 , the percentage improvements are not reduced much compared with S2 and S4 in Table 2 , respectively. For S3 0 , the elastic effect of the inerter device (parallel k b1 and c b1 ) turns out to be helpful, the percentage improvement increasing from 2.2% to 13.3% compared with S3 in Table 2 .
The lateral body accelerations across all velocities for the four schemes in Table 3 are shown in Figure 6 . It can be seen that the ride comfort can be significantly improved at most speeds, except for some (middle range) velocity values. This should not cause a problem because we are mostly concerned with the ride comfort at the nominal speed V ¼ 31 m/s. Also, the values of J 1,y around middle range of velocities are much lower in comparison with high velocities. Figure 7 compares the power spectral density (PSD) of the lateral acceleration of the vehicle body for the four schemes in Table 3 with V ¼ 31 m/s. A decreased PSD for S2 0 , S3 0 and S4 0 over S1 0 can be observed; in particular the peaks of the curve around 1 and 4 Hz are reduced. As pointed out in Mansfield 26 and Iwnicki 27 the human Lateral track roughness factor m 1:886 Â 10 À9 K l Lateral stiffness per axle box (parallel spring stiffness in Figure 2 ) N/m 2:555 Â 10 5 Table 3 . Optimisation results for minimising J 1,y with the suspension layouts shown in Figure 4 , where k c1 , k b1 , h b2 4k max , c b1 , c b2 4c max and V ¼ 31 m/s.
Layouts
Minimised J 1,y ðm=s 2 Þ Imprv. (%) Parameter values ðN=m, Ns=m, kgÞ S1 0 0.0996 - Figure 4 and parameter values listed in Table 3 . Figure 4 and parameter values listed in Table 3 .
body is more sensitive to lower frequency (around 1 Hz) vibrations in the lateral direction according to BS6841, so the percentage improvement would be even bigger if frequency weighting is used. The big improvement shown in Table 3 can be seen also from the Bode plot of the admittance function Y(s). Here we compare S1, S2 in Table 2 and S2 0 in Table 3 as an example. It can be seen from Figure 8 that the damper series spring k 1 and the parallel inerter b 1 in S2 provides magnitude and phase changes in the middle frequency range. However, due to the parallel connected inerter b 1 , the magnitude increases at þ20 dB/dec for frequencies above 10 Hz. This will transmit high-frequency vibrations and is not desirable. With elastic effects being considered in S2 0 , the magnitude becomes À20 dB/dec around 10 Hz and eventually becomes flat at a much higher frequency. The peak of the magnitude plot for S2 0 is at the oscillation frequency of the inerter device (Figure 3(a) ). It can be checked that these elastic effects can also substantially improve the high-frequency performance of S3 0 and S4 0 in a similar way.
In addition, we further checked the sensitivity of J 1,y to the suspension parameters for S2 0 and S4 0 in Table 3 . For quantitative comparison, the sensitivity of ride comfort to a suspension parameter (e.g. c 1 ) is defined as follows 28
The sensitivities of J 1,y to c 1 and b 1 are shown in Figure 9 . It can be seen that in general the sensitivity S J is small (always below a value of one). Furthermore, J 1,y is more sensitive to the change in b 1 than c 1 . This is also true for S4 0 in Table 3 .
Passive suspensions in the vertical direction
In this section, the ride quality improvement in the vertical direction obtained by using passive suspensions incorporating the inerter device is investigated. We go further than the work reported in Zheng et al. 4 in that we consider more realistic suspension layouts and carrying out optimisations in a more systematic manner.
Two-axle railway vehicle side view model and track inputs
The side view model (with bounce and pitch modes 3 ) shown in Figure 10 is considered. This model consists Table 3 .
of a vehicle body with mass m and pitch inertia J, two candidate suspension layouts with the same admittance YðsÞ, where z and are the vertical position of the centre of the mass and pitch angle, z t1 and z t2 are the vertical movements of the leading and trailing wheelsets, that are also the track inputs to the system. We take z t2 ðtÞ ¼ z t1 ðt À LV À1 Þ where L is the distance between the two wheelsets and V is the vehicle speed. The vehicle body's bending mode is not included so that the fundamental potential of using inerters can be assessed. The mathematical model can be described as follows ms 2ẑ ¼ sYðsÞðẑ t1 ÀẑÞ þ sYðsÞðẑ t2 ÀẑÞ ð 8Þ
whereẑ denotes the Laplace transform of zðtÞ, etc. For the random track input data that represents vertical track irregularities, we define z t1 ðtÞ to be the output of a first-order filter H 2 ðsÞ ¼ 1=ð0:03185s þ 1Þ (with cutoff frequency around 5 Hz) whose input is a process with a single-sided power spectrum given by
where A v is the track roughness factor and f s is a spatial frequency in cycles/metre. This disturbance model is adopted from previous work (e.g. Pacchioni et al. 3 ) in which a low-pass filter was introduced as a better approximation of a high-frequency vertical disturbance. In this paper, the evaluation of ride quality is assessed by the body accelerations at the leading (L), middle (M) and trailing (T) positions (respectively z 1 , z and z 2 according to Figure 10 ), and is quantified in terms of the RMS acceleration J 1,z as expressed by Figure 10 . Side view of a two-axle train model. Vertical track roughness factor m 2:5 Â 10 À7 K v Vertical static stiffness (parallel spring stiffness in Figure 2 ) N/m 3:5 Â 10 5 Table 8 . Optimisation results for minimising J 1,z at the trailing position with the suspension layouts shown in Figure 4 , when k c1 , k b1 , h b2 4k max , c b1 , c b2 4c max and V ¼ 31 m/s.
Layouts
Minimised at T ðm=s 2 Þ Imprv. (%) Parameter values ðN=m, Ns=m, kgÞ J 1,z at L (m=s 2 ) J 1,z at M (m=s 2 ) S1 0 0.2808 - Table 4 , and they are the same as in Pacchioni et al. 3 Performance benefits related to minimising the vertical body acceleration J 1,z For each of the L, M and T positions, J 1,z was minimised with the suspension elements shown Figure 11 . PSD of the vertical acceleration of the vehicle body at the trailing position (T) under excitation from random track irregularities for three of the four layouts shown in Figure 4 and parameter values listed in Table 8 . Figure 4 and the parameter values listed in Table 8 . Table 8 .
in Figure 2 . We kept the spring stiffness K ¼ K v (the default static stiffness in the vertical direction shown in Table 4 ) and optimised over the remaining parameters to minimise J 1,z . The vehicle speed V was the same as in Table 1 and all the other parameters were kept at the nominal values shown in Table 4 . We first optimised over models S1 to S4. The results are summarised in Tables 5 to 7 . It can be seen that the series inerter-damper layout (S3) provides more advantage than the parallel inerter-damper layout (S2). The extra spring stiffness in series with c 1 in S1 and S3 worsens the J 1,z performance at the L and T positions ( Tables 5 and 7 , respectively) and hence the optimum k 1 value tends to infinity. On the other hand, k 1 turns out to be useful for S2 and S4 at the L, M and T positions. It should be noted that for the M position, a very low value of k 1 for S3 and S4 provides a big improvement (in Table 6 ). However, it can be checked that J 1,z for the L and T positions is doubled with these two schemes, hence these are not useful choices. It should be noted that due to the delay between the inputs from the track irregularities to the front and rear wheelsets, the optimised results for the L and T positions are different from each other. We then optimised over the structures shown in Figure 4 for ride quality at the T position. It can be seen from Table 8 that due to elastic effects, the improvement for S2 0 reduces to almost zero. However, for S3 0 and S4 0 , the percentage improvements do not significantly change compared with S3 and S4 in Table 7 . Also, with these schemes, J 1,z at the L and M positions improves by a similar amount (see Table 8 , apart from J 1,z at M for S3 0 ). Figure 11 compares the power spectral density (PSD) of the vehicle body's accelerations at the T position for three of the four schemes shown in Table 8 . A decreased PSD for layouts S3 0 and S4 0 over S1 0 , especially around 1À2 Hz, can be observed. Iwnicki 27 reported that the frequency range from 0.5 to 12 Hz is the most important according to ISO2631 and BS6841. The vertical body accelerations across all velocities with the three schemes in Table 8 are shown in Figure 12 . It can be seen that J 1,z at position T has been improved across all velocities with S3 0 and S4 0 compared with S1 0 .
We further checked the sensitivity of J 1,z to the suspension parameters for S4 0 in Table 8 . The sensitivities of J 1,z to c 1 , b 1 and b 2 are shown in Figure 13 . It can be seen that in general the sensitivity S J is very small (always below 0.1). Furthermore, J 1,z is also more sensitive to a change in c 1 in this case.
Conclusions and general remarks
This paper has investigated the potential performance benefit of incorporating inerters in the lateral and vertical suspensions of a two-axle railway vehicle (they are decoupled in the model and hence can be considered separately). With simple suspension layouts including elastic effects, we obtain around a 39% improvement for the ride comfort in the lateral direction and a 12.2% improvement in the vertical direction. For the plan view and side view two-axle railway vehicle models we investigated, the following conclusions can be drawn based on the obtained results.
1. According to the optimisation results, layout S1 provides the optimum ride quality in both lateral and vertical directions when k 1 ¼ 1 (see Tables 2,  6 and 7) . This agrees with the findings in Scheibe and Smith 29 for a quarter-car vehicle model, though this may seem counter-intuitive. 2. For both lateral and vertical direction models, when the inerter device is added in parallel, the elastic effect of the damper c 1 (k c1 ) turns out to be helpful to provide better optimum ride quality (e.g. see Tables 2, 3 and 5 to 7). 3. When the elastic effects are included, the optimum inerter values become smaller (e.g. compare the inerter values for models S2 to S4 in Tables 2  and 7 and for models S2 0 to S4 0 in Tables 3 and 8 ). 4. In the lateral direction, when the optimum values of the elastic effects for the parallel inerter are equal to k max and c max (S2 0 and S4 0 in Table 3) , the ride comfort can be substantially improved. Sufficient values for end-stiffness and dissipation effect are very important, they can keep the oscillation frequency at a higher value and better damping of the inerter device, respectively. For example, if we can design the inerter device with a higher value of damping (c b ), the peak of the magnitude plot for S2 0 in Figure 8 will be further reduced. 5. Systems with the suspension layouts in models S2 0 to S4 0 have better high-frequency performance compared with those in models S2 to S4 which do not include elastic effects. 6. It should be observed that dampers and inerters (and other elements) could be built into single integrated packages (see, for example,
.
Benefits from the inclusion of inerters have been established, so the next steps are to introduce further practicalities as follows.
1. To use measured track data for comparison with results using the synthesised track inputs. 2. To include flexible body modes so that series endstiffness of dampers and inerters can be more effectively optimised. 3. To compare basic RMS accelerations with appropriate frequency-weighted results according to specific industry needs. 4. To consider the effects of nonlinearities (for example, as considered in Wang and Su 30 ). 5. To investigate the usefulness of the novel suspension networks identified in this paper for railway vehicles with both primary and secondary suspensions.
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